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ABSTRACT 

We sharpen the remainder estimate of the asymptotic formula for the eigenvalue 
distribution for the degenerate operator -divl(l - Ixl2)grad . } in the unit ball of 
the Euclidean space R n. In particular we find the second term when n = 2. 

1. Introduction 

In this paper we will study the remainder term of  the asymptotic formula for the 

eigenvalue distribution for the degenerate elliptic operator  - d i v [  (1 - I xl 2)grad. } 

in the unit ball o f  the Euclidean space R n when n >_- 2. Particularly we will find 

the second term when n = 2. 

The degenerate elliptic operators  are considered as the generalization to the 

mult i-dimension of  Legendre 's  operator  

d d 
dx ~l - x  2) dx 

in the interval ( -1 ,1 ) .  The eigenvalue distribution o f  the non-degenerate  elliptic 

operators,  such as the Laplacian under the Dirichlet boundary  condition, has been 

studied by many authors since H. Weyl's work. The spectra o f  the degenerate oper- 

ators were studied for the first time by Baouendi  and Goulaouic  [2] who treated 

the operators  o f  the second order.  They found  that the count ing funct ion o f  the 

degenerate opera tor  grows more  rapidly than that o f  the non-degenerate  opera- 

tor when n _>- 2. 
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Using the min-max principle, Nordin [5] obtained the principal term of  the as- 

ymptotic formula of the counting function for the degenerate operator of  the sec- 

ond order. Independently Shimakura [9] also derived the principal term for the 

operator -div[(1 - IxlE)grad • ]. 

Lai [6],[7],[8] generalized their results to the case of  the operator of  order 2m 

which is elliptic in the interior, and degenerates with the degree of order m at the 

boundary of a bounded C°°-domain in R", and at the same time he sharpened the 

estimate of  the remainder term. He obtained the formula for the counting func- 

tion N( t )  as t --, oo: 

(1.1) N(t )  = c2tl/mlogtl/" + O(t  l/m) when n = 2, 

N( t )  = cnt (n-1)/m + O(t  ~"-~-°)/m) 

for any 0 E [0,1/6) when n >_- 3, 

where c, is the constant. 

In this paper we will improve the above result in case of the operator -div[(1 - 

]xl2)grad • }. Our result is: 

N( t )  = c2tlogt + c~t + O(t  1/2) when n = 2, 

N( t )  = c,t  "-l + O(t  n-3/2) when n > 3, 

where c~ is the constant. 

To prove our result we follow Shimakura's idea. He obtained the explicit for- 

mula for the eigenvalues of the operator - d iv [ ( l  - ]x]2)grad • }, and using this 

formula he derived the principal term of the asymptotic formula. Our method is 

an elaboration of Shimakura's method. This explicit formula for the eigenvalues 

plays an important role in our proof.  

2. Notation and result 

Let fl be the unit ball of the Euclidean space R". We consider the degenerate el- 

liptic operator A0 in L2(fl) defined by 

A o u = - ~  a ' ~ j I ( 1 -  ,x]2)a~xU/ + ( n -  1)u 
j=l  

with the domain of definition 

D(Ao) = n2(f~) = [u E D ' ( f i ) ;  (1 - IxlZ)D"u ~ LZ(fi) (l~l <- 2)1. 
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Here and in what follows we use the notations 

0 
D i = - - 4 Z - l - -  ( j  = 1,2 . . . . .  n), 

axj 

D ~ = Df  '~.. .D~- for a multi-index a = (oq . . . . .  c~n). 

We have added the term (n - 1)u for the sake of convenience. 

X = It is known that the spectrum of  A0 consists only of eigenvalues [ jlj=l which 

accumulate only at oo. When we enumerate eigenvalues, each eigenvalue is repeated 

the number of  times equal to its multiplicity. Let No(t) denote the counting func- 

tion, that is, the number of eigenvalues of Ao which do not exceed t. Our result 

is: 

THEOREM 1. The following asymptotic formulas for  No(t)  hold. 

(i) When n = 2, 

N ( t )  = ~ t l og t  + - 1 ) t  + o( t l /2 ) .  
4 

(ii) When n >= 3, 

N ( t )  = 
23-2n~'(n- 1;1/2) tn_ 1 + o(tn_3/2). 

(n - 1)! 

Here 3' is Euler's constant, i.e., 

( 1 1 ) 
- y =  l im  1 + . . . . .  1 + + + l o g k  

k ~  2 3 k ' 

and ~'(z; a) is Hurwitz'  zeta function, i.e., 

~'(z;a) = ~ (k  + a) -z for Re z > 1, a > 0 .  
k=0 

It is remarkable that we have found the second term when n = 2. The proof  of  

Theorem 1 depends on the following explicit formula of the eigenvalues of A0. 

PROPOSITION 2 (Shimakura [9]). (i) Ao has eigenvalues (Xk./lk~l and the mul- 

tiplicity o f  Xk.i is #(k) ,  where 
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f 
Xk, z = ( 2 l +  1)(2l + 2k + n - 1) 

#(0) = 1 ,# (k )  = 2 

# ( k )  = ( 2 k + n - 2 )  
(k  + n - 3)!  

k ! ( n  - 2)! 

for k, l = O, 1,2 . . . . .  

fork>= 1 when n = 2, 

for k >-- 0 when n >= 3. 

(ii) For each ( k, l) the eigenfunction corresponding to the eigenvalue Xk,i is 

n 2 

for k , l  = 0,1,2 . . . .  ; j  = 1,2 . . . . .  ~t(k) where Gt is defined by the hypergeo- 

metric function, i.e., Gt(p,q;z)  = F( l  + p , - l ; q ; z ) ,  and [Hk,j .,,(k) (x)b= , is the 

base of  the space of  harmonic homogeneous polynomials o f  degree k. 

REMARK. Al though we will not  need Propos i t ion  2 (ii) in the p r o o f  o f  The- 

orem 1, we have written it since it seems that there are some mistakes in [9]. 

Using Proposi t ion 2, Shimakura derived the asymptotic formula  for No(t) with 

the remainder  estimate o( t log t )  or o ( t  n- l )  when n = 2 or n >__- 3 respectively. 

Elaborat ing Shimakura ' s  idea, we will prove Theorem 1 in the next section. 

To compare  our result with the known one we shall mention Lai's result briefly. 

Lai considers the degenerate elliptic operator  in L2(f~) associated with a symmet-  

ric integro-differential  form 

a[u,v] = f m a ~ ( x ) O ~ u ( x ) O ~ v ( x ) d x  
a n  

where ~ is a domain  such that  there exists ¢ ( x )  E C ~ ( R  ~) which satisfies 

f~ = {x ~ Rn; ~,(x) > 0}, 

0[2 = [x E R n ; 9 ( x )  = 01, 

d¢(x)  --/: 0 on Off. 

He  obtained the asymptot ic  formula  (1.1) for the count ing funct ion N ( t ) .  The 

operator  A0 is the special case o f  the degenerate elliptic operators which Lai con- 

sidered. Our  result suggests that  Lai 's  result can be improved.  It is interesting to 

examine whether ( i .1)  can be improved as follows or not.  

(i) When n = 2, there exists a constant  c' such that 

N ( t )  = c~tl/mlogtl/m + c ' t  l/m + O( t l / 2m) .  
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(ii) When n >-- 3, 

N ( t )  = cnt ~"-1)/m + O(l(n-3/2)/m). 

That is, we can take 0 = ~ in (1.1). 

This problem is still open. 

3. Proof of  Theorem 1 

LEMMA 3.1. The fol lowing asymptotic formulas  hold. 

(i) 

~ 1 l o g N + 3 , +  O ( N - ~ )  
j=l J 

as N ~  o~. 

(ii) For a > O and n >= 3, 

N 
~,  ( j  + a)-"+l = ~(n - -1 ;a )  + O ( N  -'+2) as N-- .  oo. 

j = 0  

PROOF. Lemma 3.1 can be easily verified by using the Euler-Maclaurin sum- 

mation formula (see Apostol [1] Theorem 3.2). q.e.d. 

First we shall prove Theorem 1 when n -- 2. We denote by u(k, t )  the number 

of  I for which X~,~ <_- t holds. Proposition 2 and simple calculation give 

f u ( k , t ) = [ f ( k ) ]  w h e n 0 < = k < = [ ( ~ 2 1  ] ,  

u ( k , t ) = 0  w h e n k >  [~)-21] ,  

where 

f ( k )  = 
- k  + 1 + (k 2 + t)  1/2 

Here and in what follows, for a real number x we denote by [x] the largest integer 

which is not larger than x. Putting T = (t - 1)/2 and taking the multiplicity of 

Xk.~ into account, we have 

[TI [T] 

N ( t )  = ~(O,t) + 2 ~_a ~(k , t )  = 2 ~] [ f (k)]  + O(t~/2). 
k=l  k= l  
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We note  tha t  ~[T] I [ f ( k ) ]  is the number  o f  lattice points (i.e., points  whose com-  

ponents  are all integers) which are conta ined  in the region 

[ (x ,y) ;O < y <=f(x) ,  x > O} = [ (x ,y) ;  0 < x < f - l ( y ) , y  > 0}. 

Hence  we have 

IT] [r] 
[ f ( k ) ]  = ~ ,  [ f - l ( j ) ]  

k=l j= l  

where r = f ( 1 )  = {(t + 1)1/21/2 and f - l ( j )  is the inverse funct ion o f f :  

t 1 
f - l ( j )  _ j + - .  

2 ( 2 j -  1) 2 

Then  we have 

ET) 1 [TI 
(3.1) N ( t )  = t ~a 2 ~ - ] j +  O(t~/2) .  

2 j - -  1 j = l  j = l  

Noting 

1 tl/2(1 [ r ]  = ~ + O( t -1 /2 ) )  as t --, oo, 

and  using L e m m a  3.1 (i), we get 

[~] 1 2[~] 1 ~ 1 
(3.2) ~ '  - -  - s ~  - - -  j=l 2 j -  1 "= ] S=12J 

1 
= l o g 2 [ r ]  + 3, - ~ ( l og [ r ]  + 3') + O ( [ r ]  -1) 

and  

1 l o g t +  y + l ° g 2  = _ + O ( t - I / 2 ) ,  
4 2 

[~1 1 
(3.3) 2 )--]j = [ r ]  ( [ r ]  + 1) = -~ t + O ( t t / 2 ) .  

j = l  

F r o m  (3.1)-(3.3) we obta in  (i) o f  Theo rem 1. 

Next we shall show Theo rem 1 when n >= 3. The  p r o o f  is a little compl ica ted ,  

though it goes similarly as in the case of  n = 2. Defining v (k,  t) as before,  we have 

v ( k , t )  = [ f ( k ) ]  

v ( k , t )  = 0 

when 0 <= k <- [ T ] ,  

when k > I T ] ,  
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where 

t - n + l  
T -  

2 ' 

and 

1 
f ( k )  = ~ { - 2 k  - n + 4 + (4k  2 + 4 (n  - 2 )k  q- n 2 - 4n + 4t  + 4)1/2]. 

We prepare  several est imates which will be used later. 

LEMMA 3.2. (i) The  inverse f u n c t i o n  o f f  is 

t n - 3  
f - l ( l )  - l - - -  

2 ( 2 l -  1) 2 

(ii) There  exis ts  a p o l y n o m i a l  P n _ 3 ( k )  in k o f  degree n - 3 such  tha t  

2 
# ( k )  - k "-2 + P n - 3 ( k ) .  

(n  - 2) ! 

(iii) I t  f o l l o w s  tha t  

0 < = f ( k )  = < t ~/2 w h e n  1 < = k < = [T ] ,  t > = 1. 

(iv) There  e x b t s  C > 0 s u c h  tha t  w h e n  t >= 1, 

a n d  

IT] 
0 ~ ~ k i [ f ( k ) ]  = < C t  "-3/z 

k = l  

[T] 
0 <-- ~_a k i [ f ( k ) l  z < = C t  "-2 

k=l  

f o r  O <- i <- n - 3 ,  

f o r O < - i < - n  - 4 .  

(v) There  exis ts  C > 0 such  that  w h e n  t >- 1, 

IT] [ f (k) ]  

0<___ ~ k  i ~ [ f - ~ ( 1 ) l S - C t  "-3/:  f o r O < - i < - n - 4 .  
k=l  l=1 

(vi) There  exis ts  C > 0 such  that  w h e n  t > I, 

0<_- 
[ f ( l ) l  

[ f - l ( I ) ] i  = < C t  n-3/2 f o r  0 < = i <-_ n - 2. 
/=1 

(vii) I t  f o l l o w s  that  as t --, oo, 

[ f (  1 )] 
[ f - I ( l ) ] n - 1  = 

/=1 
2 ( 2 l - -  1) + 0 ( t " - 3 / 2 ) "  

/ = l  
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PROOF. (i) and (ii) are easily seen. 

Let us p u t K = 2 k + n - 2  (>  0). Then we have 

1 
O<=f(k) = ~ ( - K + 2 +  K ~ + 4 t )  

1 (2  + 4t ) 

4 K +  K,~f+ 4t 

1 i / z )  = tl/2, .-<_ - ( 2  + 2 t  < 
4 

from which (iii) follows. 

(iv) follows easily from (iii). 

In the sequel we denote by C positive constants depending only on n, which may 

differ from each other. 

We note that f (1)  = O(t  1/2) and f - l ( 1 )  = O(t) .  Since f  is a decreasing func- 

tion, we have 

IT] [f(kJ] [Tt 

0 5- ~] k ~ ~ [ f -~( l ) ]  <_- ~ Uf (1 ) f -~ (1 )  
k=l  l=1 k=l  

ct i+lt l /2l  <= CI n-3/2, 

from which (v) follows. 
From (i) we have 

[ f ( l ) ]  
0 <= ~_~ [ f - l ( l ) l i  <-_ 

l= l  

[f(1)] 
f - l ( / ) n - 2  

/= l  

Z Z In. 
/=1 o~+3=<n-2 

It follows that when ~ >/3, 

05-- l ~ <= C U l o g ( f ( 1 )  + 1) 
/=1 

<= ctn-21og(t  + 1) <--- Ct n-3/2, 

and when a ~ 3, 

0 < _ ~a In <-- Ct~f(1) ~-~+1 <= Ct~+(3-c~+1)/2 
l= l  

<= Ct (~+3+1)/2 =< ct(n-1)/2, <= Ct n-3/2. 

Hence we get (vi). 
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To prove  (vii) we m a y  assume [T] >- 1. Not ing 

0 <__f-l( / )  _ 1 <-- [ f - l ( l ) ]  <=f-~(l) ,  

we have 

<_- C ~,, l n. [ f - l ( / ) ] . - 1  _ 2 ( 2 / - -  1) .+e_-<~-l,~_-<n-2 

Then  we obta in  (vii) in the same way as in (vi). q.e .d.  

Taking  the mult ipl ici ty of  kk, z into account  and using L e m m a  3.2(ii),(iv), we 

have 

(3.4) 
[TI [T] 2 

N ( t )  = ~ _ ~ t z ( k ) v ( k , t ) =  ~] ( n _ 2 ) t  
k = O  k = l  • 

- -  kn-2[ f (k ) ]  + o( tn-3 /2) .  

Let us evaluate ~[kT]l kn -2[ f ( k ) ] .  Let Qn-4(J) denote the po lynomia l  in j which 

satisfies 

jn-2 _ ( j  _ 1)n-2 = (n - 2 ) j  n-3 + Qn-4(J).  

We note that  Qn-4 (J) - 0 when n = 3, and that  Qn-4 (J) is a polynomial  o f  degree 

n - 4 when n >_- 4. 

Simple calculat ions and L e m m a  3.2 (iv),(v) show 

IT] [T] k 
~_a k " - 2 [ f ( k ) }  = ~a ~ (jn-2 _ ( j  _ l ) n - 2 ) [ f ( k ) ]  
k=l  k=l  j = l  

[TI [T] 
= ~]  ~]  ( j . - 2  _ ( j _  1 ) n - 2 ) [ f ( k ) ]  

j = l  k = j  

[T] [ T - j + l l  

= ~]  {(n - 2) j  n-3 + Qn-4(J)} ~]  [ f ( k  + j -  1)] 
j = l  k=l  

[T] [f(j)] 

~] [(n - 2 ) j  "-3 + Qn-4(J)} ~_a [ f - l ( / )  _ j  + 1] 
j = l  l= l  

= ( n  
[T] If(j)] 

- 2) ~] ~]  j n - 3 [ f - l ( l ) ]  
j=l l=1 

IT] 
- (n - 2) ~ ,  j n -2[ f ( j ) ]  + O(tn-3/2) .  

j = l  
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Solving the above equation for Z[gv=llk'-2[f(k)], we obtain 

[vl n - 2 trl [f(j)] 
(3.5) ~ k ' - 2 [ f ( k ) ]  - ~_~ ~ j ' - a [ f - ~ ( l ) ]  + o( tn -3 /2) .  

k=l n 1 j=~ t=~ 

Combining (3.4) and (3.5), changing the order of  summation,  and using the 

formula  

J 
(n -- 2 ) ~ j  n-3 = j n -2  + Rn_3( j  ) 

j = l  

(R,-3 (J)  is a polynomial in J of  degree n - 3), 

we get 

2(n - 2) t r i  [f(J)J O(tn-3/2) 
N ( t )  - - ( - ~ - l ~ .  E ~] J " - 3 [ f - ' (  l)] + 

j = l  l = l  

_ 2 ( n -  2)[f(t) l  [f-l(])] O ( t  n-3/2) 
- (n - 1)! ~ ~ J ' - 3 [ f - l ( l ) ]  + 

1=1 j = l  

2 l f ( l  )] 
y, 

(n - 1)! /=1 
{ [ f - l ( l ) l n - 2  + Rn_3([ f - l ( l ) ] )]  [ f - I ( / ) ]  + o( tn-3 /2) .  

Finally, f rom Lemma 3.2 (vi),(vii) and Lemma 3.1 it follows that 

2 )n 
N ( t )  - (n - 1)! t -~l  2 ( 2 / - -  1) + o( tn-3 /2)  

= 23-2n~ ' (n -  1;1/2) tn_l + o(tn_3/2). 
(n - 1)! 

This completes the proof  of  Theorem 1. 

ACKNOWLEDGEMENTS 

The author wishes to thank Professor T. Kimura for guidance and encourage- 

ment. Furthermore, the author is indebted to the referee for a valuable suggestion, 

which led to a simpler proof  of  Lemma 3.2(iii). 

R E F E R E N C E S  

1. T. M. Apostal, Introduction to Analytic Number Theory, Springer-Verlag, New York, 1976. 
2. M. S. Baouendi and C. Goulaouic, Rdgularitd et thdorie spectrale pour une classe d'opdrateurs 

elliptiques ddgdndrds, Arch. Ration. Mech. Anal. 34 (1969), 361-378. 



Vol. 71, 1990 EIGENVALUE DISTRIBUTION 27 

3. L. Boutet de Monvel and P. Grisvard, Le comportement asymptotique des valeurs propres d'un 
opdrateur, C. R. Acad. Sci. Paris 272 (1971), 23-36. 

4. G. M6tivier, Comportement asymptotique des valeurs propres d" opdrateurs elliptiques d~gd- 
ndrds, Soci~t~ Math~matique de France Ast6risque 34-35 (1976), 215-249. 

5. C. Nordin, The asymptotic distribution of  eigenvalues of  a degenerate elliptic operator, Ark. 
Mat. 10 (1972), 3-21. 

6. Pham The Lai, Comportement asymptotique des valeurs propres d'une classe d'op~rateurs el- 
liptiques d~g~n~rads en dimension 2, C. R. Acad. Sci. Paris 278 (1974), 1619-1622; S6minaire Jean Le- 
ray, C611ege de France; ann6e 1973-1974. 

7. Pham The Lai, Comportement asymptotique du noyau de la r6solvante et des valeurs propres 
d'une classe d'op~rateurs elliptiques ddg~n~r~s no ndcessairement auto-adjoint, J. Math. Pures Appl. 
55 (1976), 379-420. 

8. Pham The Lai, Estimation du reste dans la th~orie spectrale d'une classe de probl~mes d'op~- 
rateurs elliptiques d6gdndr~s, Soci6t6 Math6matique de France Ast6risque 34-35 (1976), 263-277. 

9. N. Shimakura, Quelques exemples des ~-fonctions d'Epstein pour les op~rateurs elliptiques d~- 
g~n~rds du second ordere 1,11, Proc. Jpn. Acad. 45(10) (1969), 866-871; 46(10) (1970), 1065-1069. 

10. N. Shimakura, Sur les ~-fonctions d'Epstein pour des opdrateurs elliptiques ddg~ndr~s, T6hoku 
Math. J. 26 (1974), 95-131. 

I 1. I. L. Vulis and M. Z. Solomjak, Spectral asymptotics o f  degenerate elliptic operators, Soviet 
Math. Dokl. 13 (1972), No. 6, 1484-1488. 


